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Abstract
Representative Elementary Volume (REV) at which the material
properties do not vary with change in volume is an important quantity
for making measurements or simulations which represent the whole.
We discuss the geometrical method to evaluation of REV based on the
quantities coming in the Steiner formula from convex geometry. For
bodies in the three-space this formula gives us four scalar functionals
known as scalar Minkowski functionals. We demonstrate on certain
samples that the values of such averaged functionals almost stabilize
for cells for which the length of edges are greater than certain threshold
value R. Therefore, from this point of view, it is reasonable to consider
cubes of volume R3 as representative elementary volumes.
1 Introduction
There are few notions of representative elementary volumes (REV) [1, 2]
which has in common the condition that this is the minimal elementary
volume which serves a value representative of the whole media. Therewith it
is important to mention in which respects it gives such a representation. We
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consider the problem of elementary volumes which represent the permeability
properties of porous medium. Such a problem was considered from different
points of view, for instance, in [3, 4, 5].
Recently different possible applications to estimating permeability of two-
and three-dimensional porous media by using the scalar Minkowski function-
als were discussed in [6, 7, 8].
In particular, if we know the representative elementary volume then we
can perform all hydrodynamic simulations on such volumes to evaluate ef-
fective characteristics of the medium. Unlike modeling on a full-scale model,
this allows us to minimize the computations of such characteristics as the
Darcy coefficient.
We propose to use the averaged scalar Minkowski functionals for evalu-
ating representative elementary volumes.
A porous medium is represented by a digital core onsists of voxels which
correspond to elementary cells. It shows what proportion of a cell is filled
with the porous medium. Picking up the excursion coefficient λ, 0 < λ < 1,
Fig. 1. Digital core.
we assume that the voxel is black if the proportion is greater than or equal
to λ and it is white otherwise. As a result we obtain a two-colored digital
core which, we assume, consists of N ×N ×N black or white voxels. Each
voxel corresponds to a cubic cell of size L× L× L.
We take randomly a sample voxel and correspond to it the set of nested
cubes centered at it. For each such a cube X we compute the averaged
Minkowski functionals Wi(Y )/Vol(X), where Y is a subset of X formed
by black voxels. Every such a cube consists of k × k × k voxels and we
consider the values of these values on nested cubes as functions of k. If for a
generic initial the graphs of these functions go to the asymptotes as k → C
we may consider a cube of volume R3 with R = CL as a candidate for a
2
representative elementary volume.
In the example considered in Section 3 we take a sample of medium with
N = 1400 and the elementary length L = 1.5µm. For sample voxels we
consider the graphs of the averaged functionals on nested cubes. It appears
that for all sample initial voxels and for all the averaged functionals the
graphs go to the asymptote as k → C ≈ 200.
2 The scalar Minkowski functionals
Let X be a convex body with a regular boundary in the three-space R3 and
B be the ball formed by all vectors of length not greater than one. We denote
by X + εB all points of the form p + tb where x is a point from X, b is a
vector from B and ε is a positive constant:
x = (x1, x2, x3), b = (b1, b2, b3), x+ εb = (x1 + εb1, x2 + εb2, x3 + εb3).
Since the zero vector belongs to B the original set X is a subset of X + εB
and moreover X + ε1B lies in X + ε2B if ε1 ≤ ε2. It is also easy to check
that the bodies of the form X + εB are convex.
We denote by Vol(X) the volume of a body X in the three-space. The
famous Steiner formula reads that
Vol(X + εB) =
3∑
k=0
(
3
k
)
Wk(X)ε
k.
The quantities Wk, k = 0, 1, 2, 3, are called the k-th quermassintegrals, or
the scalar Minkowski functionals.
The latter name demonstrates that there are their generalizations to
higher ranks (for instance, vector and rank two functionals). We shall not
discuss them here because the investigation of their possible applications to
our main problem is in progress.
We recall that the analog of the Steiner formula is valid for bodies in the
space Rn of arbitrary dimension n. In such a case Vol(X + εB), the n-th
dimensional volume of X + εB, is a polynomial in ε of degree n. Since for
ε = 0 the polynomial gives us the volume of X, we have
W0(X) = Vol(X).
Other quantities Wk, k > 0, give us nontrivial scalar functionals. To guess
their meanings we write down the Steiner formula for a ball X = DR of
3
radius R. In this case X + εB is a ball DR+ε of radius R+ ε and we have
Vol(DR + εB) =
4pi(R + ε)3
3
=
4piR3
3
+ 4piR2ε+ 4piRε2 +
4
3
piε3.
We see that these quantities have the following interpretations which, in
fact, are valid for all convex bodies with regular boundaries:
W1(X) =
1
3
Area(∂X),
where Area(∂X) is the area of the boundary ∂X of X,
W2(X) =
1
3
∫
∂X
H dA,
i.e. one third of the integral of the mean curvature H (for the sphere of
radius R, which is ∂DR, it is equal to
1
R
), over ∂X,
W3(X) =
1
3
∫
∂X
K dA,
i.e one third of the integral of the Gaussian curvature K, which is K = 1
R2
for ∂DR, over ∂X. We do not dwell here on the standard notions of the
curvatures referring to textbooks on geometry (for instance, [9]).
By continuity, the definitions of these quantities are uniquely extended
to valuations of all convex bodies. This is important for us because from a
digital core of a porous medium we construct a union of cubes which may
intersect only by their faces or vertices. In this case every cube corresponds
to a voxel from a digital core. Such unions are not necessarily convex however
the notions of these functionals are uniquely extended to non-convex bodies
by using the additivity property:
W (X ∪ Y ) =W (X) +W (Y )−W (X ∩ Y ).
Therefore,
the quermassintegrals (of the scalar Minkowski functionals) are defined
for all unions of cubes which are naturally constructed from digital cores of
porous media.
For instance, for bodies with piece-wise linear triangulated boundaries
the explicit formulas for computations in terms of combinatorial data are
given in [10].
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By the Gauss–Bonnet theorem,
∫
∂X
KdA = 2piχ(∂X), where χ(∂X) is
the Euler characteristic of ∂X. Therefore, W3(X) =
2pi
3
χ(∂X). By def-
inition, the Euler characteristic of ∂X is the alternated sum of the Betti
numbers bi of ∂X: χ(∂X) = b0− b1+ b2. We remark that the Betti numbers
of porous media (in particular, oil and gas reservoirs) weighted by volumes
were considered in [11].
3 Evaluation of REV
The method of evaluating REV was sketched in Introduction and it is as
follows. Take a digital core which consists of N × N × N voxels such that
every voxel corresponds to the elementary cubic cell of size L× L× L.
• take randomly a sample voxel and correspond to it the set of nested
cubes centered at it;
• for each such a cubeX we compute the averaged Minkowski functionals
Wi(Y )/Vol(X), where Y is a subset of X formed by black voxels;
• every such a cube consists of k×k×k voxels and we consider the values
of these values on nested cubes as functions of k;
• given sufficiently many initial sample voxels, if the graphs of these
functions go to the asymptotes as k → C we
consider a cube of volume R3 with R = CL as a representative ele-
mentary volume.
As an example we consider a sample consisting of 1400 × 1400 × 1400
voxels (N = 1400) such that every voxel corresponds to a cube of size
1.5µm × 1.5µm × 1.5µm. We present below the graphs of the averaged
Minkowski functionals on which every colored line corresponds to a certain
choice of the center of nested cubes (see Fig. 2–5).
We see that for all functionals and for all initial voxels the graphs go to
the asymptote as k → C ≈ 200.
This allows us to consider cubes of volume R3 with R = CL, C = 200,
and L = 1.5µm as the representative elementary volumes for this medium.
Final remarks.
The proposed method leads to reasonable candidates for the representa-
tive elementary volumes. We are left to understand how the results obtained
by the proposed method vary with λ. and also to compare the results with
the others obtained by hydrodynamic numerical simulation.
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Fig. 2. W0. Fig. 3. W1
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